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1. In this exercise you will show that if two models are elementary equiva-
lent and finite, then they are isomorphic. Fix a language L of first order
logic, and write L(c) for the language which has all function, relation
and constant symbols from L, and an additional constant symbol c.
If m ∈ M , then write (M,m) for the model M′ of L(c) which is an
expansion ofM, and in which the constant symbol c is interpreted as
m.

(a) Assume thatM is a finite model, and assume thatM is elemen-
tarily equivalent to N . Show that N is also finite, with the same
number of elements asM.

(b) Assume that M and N are two elementarily equivalent finite
models. Show that for any m ∈ M there is n ∈ N such that
(M,m) and (N , n) are isomorphic.

(c) Assume thatM is a finite model in which each element is the inter-
pretation of some constant symbol. Assume that N is elementarily
equivalent to M. Show that M and N are isomorphic. (Hint:
Any isomorphism f must satisfy f(cM) = cN for any constant
symbol c.)

(d) Assume thatM and N are as in (a). Show thatM and N are
isomorphic. (Hint: Use (b) inductively to arrive at a situation
where (c) applies.)

2. Assume that M and N are two models and M ≡ N . Show that
there are natural numbers n1, n2, . . . , nk such that the number of iso-
morphisms betweenM and N is n1! · n2! · . . . · nk!. (Hint: Define an
equivalence relation ∼ on M by : a ∼ b if and only if for all formu-
las ϕ(x), M |= ϕ(a) ↔ ϕ(b). Let n1, n2, . . . , nk be the sizes of the
equivalence classes.)

3. Let A ⊆ B be L-structures. Suppose that for every finite sequence
a1, a2, . . . , am ∈ A and every b ∈ B there is an automorphism of B
that fixes each element of a1, a2, . . . am and moves b into A. Show that
A � B.
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4. Let K be a field and let L the first order language of vector spaces over
K: the non-logical symbols of L are a constant 0, a binary function
symbol +, and an unary function symbol Fa for each a ∈ K. Given a
K-vector space V , we regard V as an L-structure in the obvious way:
0 is interpreted by the identity element of V , + is interpreted by the
addition of V , and each Fa is interpreted by the operation of scalar
multiplication by a. Suppose that W ⊆ V are infinite dimensional
K-vector spaces. Use the previous exercise to prove W � V . Use this
result to show that any two infinite K-vector spaces are elementarily
equivalent.

5. Let Γ be a consistent theory all of whose countable models are isomor-
phic. Show that Γ is complete.

6. Show that any two countable saturated models are isomorphic. (Hint:
If f :M→N is an isomorphism, then for all a1, a2, . . . ∈M we have :

typeM(a1) = typeN (f(a1))
typeM(a2) = typeNf(a1)

(f(a2))

...

Use a back-and-forth argument.)
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