PS introduction to mathematical logic

Exercises week 2 *

October 13, 2016

1 More about sentencial logic.

1. Prove or disprove the following statements.
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a) fI'==aor'= fthenI'= (aV f).
Il'=>aand I'= g thenI' = (a A pS).
Il'= (aVvp)then'=aorI'= 3.

(d) IT'= (anp)then ' = aand I' = 5.

2. Call a formula a a dual n-clause, if « is of the form ;1 A ... A B, where
each f3; is either A; or (—A4;). A formula is in n-disjunctive normal form
(dnf) is and only if it is of the form v, V...V v, where each v; is a
dual n-clause. Show that for each formula «: Either -« is a tautology,
or there is a formula & in disjunctive normal form with a < a.

2 First order logic.

1. For each one of the following sets of formulas give an example of a
model that satisfies this set of formulas. Try to describe all finite models
satisfying the formulas.

(a)

(b)

1.

ii.

i
ii.

iii.

R(z,y) N R(y,z) = R(x, 2).
R(z,y)AR(z,2) ANR(y,w) AR(z,w) = R(y,z)VR(z,y)V(y =

R(z, z).

R(z,y) A R(y, )
AR R(z,y)V R(y,x) V (x = y).

y,Z —
(y,2) —

*All the exercises are taken from The incompleteness phenomenon, Goldstern-Judah.



2. In each of the following cases find an appropriate first order language
and a formula such that there are models that satisfy the formula, and
every model that satisfies the formula has the property that:

(a) the model is a finite set with exactly n elements (for a given n).
(b) the model is a dense linear ordering (like the rationals Q).

(c) the models is a field.
(d) the model is a field of characteristic 3.

3. If z and y are distinct variables, o and 7 closed M-terms and p is any
M-term, show that:

pzfo)y/T) = plx/o,y/T) = uly/7)(x/0).

4. R(z,y) is an order relation in a model M if the following formulas are
valid in the model:

R(u,v) = =R(v,u).
(¢) R(u,v) A R(v,w) — R(u,w).

Given a formula ¢(z), we define a subset A, C M by:
Ay ={ae M : ME¢(z/a)}.
Similarly, if we have a formula with two free variables ¢(z,y), we define
A, ©€ M x M, a subset of the set of pairs from M, by:
Ay ={(a,b) e M x M : M = ¢(z/a,y/b)}.
We call A, the set characterized by ¢. What are the sets characterized
by the following formulas:

(a) R is an order relation in the model M and ¢(u,v) = ~R(u,v).

(b) R is an order relation in the model M and ¢(u,v) = = R(u,v) A
—R(v,u).

(c) R is an order relation in the model M which is a tree, (i.e.

the following formula is valid in the model R(u,v) A R(u,w) —
R(v,w) V R(w,v) V (v =w)) and p(u,v) = " R(v,u).
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